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Abstract
In this paper, we consider the following p-Laplacian Liénard type diﬀerential equation
with singularity and deviating argument:
(ϕp(x
′(t)))′ + f (x(t))x′(t) + g(t, x(t – σ )) = e(t).
By applications of coincidence degree theory and some analysis techniques,
suﬃcient conditions for the existence of positive periodic solutions are established.
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1 Introduction
In this paper, we consider the following p-Laplacian Liénard type diﬀerential equation











t,x(t – σ )
)
= e(t), (.)
where ϕp :R→R is given by ϕp(s) = |s|p–s, here p >  is a constant, f is continuous func-
tion; g is a continuous function deﬁned on R and periodic in t with g(t, ·) = g(t + T , ·), g
has a singularity at x = ; σ is a constant and ≤ σ < T ; e :R→R are continuous periodic
functions with e(t + T)≡ e(t) and ∫ T e(t)dt = .
As is well known, the existence of periodic solutions for Liénard type diﬀerential equa-
tions was extensively studied (see [–] and the references therein). In recent years, there
also appeared some results on a Liénard type diﬀerential equation with singularity; see
[, ]. In , using coincidence degree theory, Zhang considered the existence of T-










when g becomes unbounded as x→ +. The main emphasis was on the repulsive case, i.e.
when g(t,x) → +∞, as x → +. Afterwards, Wang [] studied the existence of periodic
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t,x(t – σ )
)
= ,
where σ is a constant. When g has a strong singularity at x =  and satisﬁes a new small
force condition at x =∞, the author proved that the given equation has at least one positive
T-periodic solution.
However, the Liénard type diﬀerential equation (.), in which there is a p-Laplacian
Liénard type diﬀerential equation, has not attractedmuch attention in the literature. There
are not so many existence results for (.) even as regards the p-Laplacian Liénard type
diﬀerential equation with singularity and deviating argument. In this paper, we try to ﬁll
this gap and establish the existence of a positive periodic solution of (.) using coincidence
degree theory. Our new results generalize in several aspects some recent results contained
in [, ].
2 Preparation
Let X and Y be real Banach spaces and L : D(L) ⊂ X → Y be a Fredholm operator with
index zero, here D(L) denotes the domain of L. This means that ImL is closed in Y and
dim KerL = dim(Y / ImL) < +∞. Consider supplementary subspaces X, Y of X, Y , respec-
tively, such thatX = KerL⊕X,Y = ImL⊕Y. Let P : X → KerL andQ : Y → Y denote the
natural projections. Clearly, KerL∩ (D(L)∩X) = {} and so the restriction LP := L|D(L)∩X
is invertible. Let K denote the inverse of LP .
Let  be an open bounded subset of X with D(L) ∩  
= ∅. A map N :  → Y is said to
be L-compact in  if QN() is bounded and the operator K(I –Q)N : → X is compact.
Lemma . (Gaines andMawhin []) Suppose that X and Y are two Banach spaces, and
L :D(L)⊂ X → Y is a Fredholm operator with index zero. Let  ⊂ X be an open bounded
set and N : → Y be L-compact on . Assume that the following conditions hold:
() Lx 
= λNx, ∀x ∈ ∂ ∩D(L), λ ∈ (, );
() Nx /∈ ImL, ∀x ∈ ∂ ∩ KerL;
() deg{JQN , ∩ KerL, } 
= , where J : ImQ→ KerL is an isomorphism.
Then the equation Lx =Nx has a solution in  ∩D(L).






































= π (p–)/pp sin(π/p) .
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This completes the proof of Lemma .. 
In order to apply the topological degree theorem to study the existence of a positive









q = . Clearly, if x(t) = (x(t),x(t)) is an T-periodic solution to (.), then
x(t) must be an T-periodic solution to (.). Thus, the problem of ﬁnding an T-periodic
solution for (.) reduces to ﬁnding one for (.).
Now, set X = Y = {x = (x(t),x(t)) ∈ C(R,R) : x(t + T) ≡ x(t)} with the norm ‖x‖ =
max{|x|∞, |x|∞}. Clearly, X and Y are both Banach spaces. Meanwhile, deﬁne
L :D(L) =
{











–f (x(t))x′(t) – g(t,x(t – σ )) + e(t)
)
. (.)
Xin and Cheng Advances in Diﬀerence Equations  (2016) 2016:41 Page 4 of 11
Then (.) can be converted to the abstract equation Lx = Nx. From the deﬁnition of L,
one can easily see that
KerL∼= R, ImL =
{




























then ImP = KerL, KerQ = ImL. Let K denote the inverse of L|Kerp∩D(L). It is easy to see











T , ≤ s < t ≤ T ;
s–t
T , ≤ t ≤ s≤ T .
(.)
From (.) and (.), it is clear thatQN and K(I –Q)N are continuous,QN() is bounded








exists uniformly a.e. t ∈ [,T], i.e., for any ε >  there is gε ∈ L(,T) such that
g(t,x)≤ (ψ(t) + ε)x + gε(t), (.)
for all x >  and a.e. t ∈ [,T]. Moreover, ψ ∈ C(R,R) and ψ(t + T) =ψ(t).
For the sake of convenience, we list the following assumptions which will be used re-
peatedly in the sequel:
(H) (Balance condition) There exist constants  < D < D such that if x is a positive









D ≤ x(τ )≤D,
for some τ ∈ [,T].
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(H) (Degree condition) g¯(x) <  for all x ∈ (,D), and g¯(x) >  for all x >D.
(H) (Decomposition condition) g(t,x) = g(x) + g(t,x), where g ∈ C((,∞);R) and
g : [,T] × [,∞) → R is an L-Carathéodory function, i.e. it is measurable in the ﬁrst
variable and continuous in the second variable, and for any b >  there is hb ∈ L(,T ;R+)
such that
∣∣g(t,x)
∣∣ ≤ hb(t), a.e. t ∈ [,T],∀≤ x≤ b.
(H) (Strong force condition at x = )
∫ 
 g(x)dx = –∞.
Theorem . Assume that conditions (H)-(H) hold. Suppose the following condition is
satisﬁed:
(H) ( Tπp )
p|ψ |∞ < .
Then (.) has at least one positive T-periodic solution.
Proof Consider the equation
Lx = λNx, λ ∈ (, ).





x′(t) = –λf (x(t))x′(t) – λg(t,x(t – σ )) + λe(t).
(.)
Substituting x(t) = λp– ϕp(x
′











t,x(t – σ )
)
= λpe(t). (.)





t,x(t – σ )
)
dt = . (.)
From (H), there exist positive constants D, D, and ξ ∈ [,T] such that






































∣ds, t ∈ [ξ , ξ + T].
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For any ε > , there exists a function gε ∈ L(,T) such that (.) holds. Since x(t) > ,
t ∈ [,T], it follows from (.) that
g
(






xp– (t – σ )x(t) + gε(t)x(t). (.)
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p (|gε| + |e|
)
+












 . Since ε is suﬃciently small, from (H) we know that
( T
πp





From (.), we have


























t ∈ [,T] : g(t,x(t – σ )
) ≥ }; I– =
{
t ∈ [,T] : g(t,x(t – σ )
) ≤ }.
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xp– (t – σ ) + gε(t)
)
dt






































































































 := λM. (.)









x(t + σ )
)
x′(t + σ ) + g
(
t + σ ,x(t)
))





x′(t + σ )
))′ + λpf
(
x(t + σ )
)







t + σ ,x(t)
)
= λpe(t + σ ). (.)




x′(t + σ )
))′x′(t) + λpf
(
x(t + σ )
)







t + σ ,x(t)
)
x′(t) = λpe(t + σ )x′(t). (.)
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x(s + σ )
)











e(s + σ )x′(s)ds. (.)















































































x(s + σ )
)
x′(s + σ )x′(s)ds
∣∣

































































for some constant M′ which is independent on λ, x, and t. In view of the strong force
condition (H), we know that there exists a constantM >  such that
x(t)≥M, ∀t ∈ [τ ,T]. (.)
The case t ∈ [, τ ] can be treated similarly.
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From (.), (.), and (.), we let
 =
{
x = (x,x) : E ≤ |x|∞ ≤ E, |x|∞ ≤ E,∀t ∈ [,T]
}
,
where  < E < min(M,D), E > max(M,D), E > M.  = {x : x ∈ ∂ ∩ KerL} then






–f (x(t))x′(t) – g(t,x(t – σ )) + e(t)
)
dt.








From assumption (H), we have x(t)≤D ≤ E, which yields a contradiction. Similarly if
x = –E. We also haveQNx 
= , i.e., ∀x ∈ ∂∩ KerL, x /∈ ImL, so conditions () and () of
Lemma . are both satisﬁed. Deﬁne the isomorphism J : ImQ→ KerL as follows:
J(x,x) = (x, –x).





 [g(t,x) – e(t)]dt











–μx – ( –μ)|x|p–x
)
,
∀(μ,x) ∈ (, )× (∂ ∩ KerL).
From (H), it is obvious that xH(μ,x) < , ∀(μ,x) ∈ (, )× (∂ ∩ KerL). Hence
deg{JQN , ∩ KerL, } = deg{H(,x), ∩ KerL, }
= deg
{
H(,x), ∩ KerL, }
= deg{I, ∩ KerL, } 
= .
So condition () of Lemma . is satisﬁed. By applying Lemma ., we conclude that the
equation Lx = Nx has a solution x = (x,x) on ¯ ∩ D(L), i.e., (.) has an T-periodic
solution x(t). 
Finally, we present an example to illustrate our result.
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x′(t) +  (cost + )x
(t – σ ) – xκ (t – σ ) = sint, (.)
where κ ≥  and p = , f is a continuous function, σ is a constant, and ≤ σ < T .
It is clear that T = π , g(t,x) =  (cost + )x(t – σ ) –

xκ (t–σ ) , ψ(t) =

 (cost + ). It is



















So by Theorem ., we know (.) has at least one positive π-periodic solution.
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